An analytical solution is presented for the determination of the deformation of rotating two-layer composite beams. The direction of axis of rotation is vertical and the speed of rotation is constant. The axis of rotation is in the plane of symmetry of curved beam. The source of the in-plane deformation is the stationary rotation of the curved beam. The plane of the curvature is the symmetry plane of the curved beam for its material, geometrical and supporting properties. Assumed form of the displacement field meets the prescriptions of the classical Euler-Bernoulli beam theory. Examples illustrate the applications of the presented analytical solution.
Introduction
Rotating curved beams are basic units in many structures and industrial applications. Nowadays the analysis of curved composite beams is an important topic in the structural mechanics. For the solution of static bending problems of layered curved beam Segura and Armengaud gave an analytical method [1] . Elasticity solutions are presented in [2] for curved beams with orthotropic functionally graded layers by means of Airy stress function. The developed method is illustrated in curved cantilever beams with different types of loading conditions. Paper by Pydah and Sabale [3] presents an analytical model for the flexure of bidirectional functionally graded circular beams based on the Euler-Bernoulli beam theory. The material properties are simultaneously smooth function of the radial coor-dinate r and the polar angle φ. The governing equations are solved for statically determinate circular cantilever beams under the action of tip load.
It must be mentioned that papers by Ecsedi and Lengyel [4, 5] provide analytical solutions for layered curved composite beams with interlayer slip. In paper [4] the deformation of curved composite beams with partial shear interaction is determined under the action of concentrated radial load. Paper [5] gives numerical solution for in-plane deformation of two-layer composite beam with flexible shear connection by application of the principle of minimum of potential energy. An analytical solution is presented in [6] for the static problems of curved composite beams. The analytical solution formulated by Ecsedi and Lengyel is based on fundamental solutions. Linear combination of the fundamental solutions which satisfy the given loading and boundary conditions gives the solution of considered static boundary value problem [6] .
Static problems of curved composite beams were analysed by finite element methods in papers of Ibrahimbegović and Frey [7] , Ascione and Fraternali [8] , Bhimaraddi [9] , Dorfi and Busby [10] , Kim [11] . There exist several works on the solution of static problems of curved composite beams, it is not the aim of this paper to give a complete list of the above mentioned papers.
It should be mentioned that several papers deal with the vibration analysis of rotating curved beams. In these papers the axis of rotation is perpendicular to the plane of circular centre line and the main goal is to determine the eigenfrequencies of free vibrations. In paper by Wang and Mahrenholtz [13] the bending vibration of rotating curved beam is investigated by using Galerkin's method. Longitudinal and Coriolis effects are neglected. Park and Kim deal with the dynamic properties of curved beam [14] . The derived equations of motion in [14] include the Coriolis and centrifugal forces, linear and non-linear FEM formulations are developed and the effects of curvature and tip mass to the motion are also studied in [14] . Paper by Chen et al. [15] presents a dynamic model of rotating curved beam which is based on the Absolute Nodal Coordinate Formulation and on the radial integration method. Chidamparam and Leissa [16] gives a detailed analysis on the vibration of curved beams, rings which lie in plane. In-plane, out-ofplane and coupled vibrations are considered in [16] . Kartav in [17] is studied the free vibration problem of rotating curved beams with variable cross section by the use of Finite Difference Method and Finite Element Method.
In the present paper an analytical solution is formulated for rotating two-layer composite curved beams. The connection of curved beam components is perfect and the plane of curvature is the symmetry plane for the geometrical, material properties and loading conditions. In-plane deformations are considered and the speed of rotation of curved beams is uniform. The source of the deformation is the system of centrifugal forces. Figure 1 shows the rotating curved two-layer composite beam. In the cylindrical coordinate system Orφz the curved layer B i (i = 1, 2) occupies the space domain
where A i is the cross section of beam component i (i = 1, 2) ( Figure 1 ). The common boundary of B 1 and B 2 is denoted by ∂B 12
In Eq. (2) t denotes the thickness of the rectangular cross sections A 1 and A 2 (Figure 1 ). The formulation of the analytical solution developed in this paper is based on [12] . Paper [12] presents a simple one-dimensional mechanical model to analyse the static and dynamic features of nonhomogeneous curved beam. The model of paper [12] is based on the Euler-Bernoulli beam theory. The rotary inertia is included in the expression of system of centrifugal forces.
Governing equation
The in-plane deformation of rotating curved two-layer composite beam is described by the next displacement field in the cylindrical coordinate system Orφz [12] 
In Eq. (3) er, eφ and ez are the unit vectors of the cylindrical coordinate system Orφz (Figure 1 ). From the strain- displacement relationships of the linearised theory of elasticity we obtain
In Eqs. (5-7), εr, εφ, εz are the normal strains and rφ, rz, φz are the shearing strains. Application of the Hooke's law gives
In Eq. (8) σφ is the normal stress and other stress components are equal to zero, furthermore E = E(r, z) is the modulus of elasticity which may depend on the cross-sectional coordinate r and z. Following the formulation presented in paper [12] we introduce the next cross-sectional and material properties (Figure 1 )
where E i is the modulus of elasticity of layer i and ρ i is the mass density of layer i (i = 1, 2). In order to formulate the equations of mechanical equilibrium we define the next stress resultants-displacements relationships according to paper [12] as
In Eq. (21) τrφ is the shearing stress. The equation of mechanical equilibrium in terms of N, S and M can be formulated as 
We define the centrifugal force element df 1 which acts on the volume element determined by cylindrical surfaces given by r = c and r = b and two planes given by φ and dφ df 1 = ω 2 q 1 cos φdφ.
The centrifugal force element df 2 acts on the volume element determined by cylindrical surfaces r = a and r = c and two planes which are given by φ and φ + dφ
The total centrifugal force element is It is evident that dfc can be replaced by an equivalent force couple at the origin O of cylindrical coordinate system Orφz [12] (Figure 2b ) frdφ = ω 2 q cos 2 φdφ, fφdφ = −ω 2 q 2 sin 2φdφ, (31)
The deformation of the curved two-layer composite beam is obtained from the system of equilibrium equations 
here
The solution of the system of differential equations (36), (37) for W = W(φ) and ϕ = ϕ(φ) is as follows
In Eqs. (39), (40)
)︂ , and C 0 , C 1 , C 2 C 3 are the constants of integration. The combination of Eq. (38) with Eq. (39) gives the expression of the radial displacement
In (42) α and β are constants of integration. We introduce a new function which is a component of the circumferential displacement and it does not depend on the radial coordinate r
The constants of integration C 0 , C 1 , C 2 , C 3 , α, β can be computed from the boundary conditions. Figure 3 enumerates some possible boundary conditions.
Examples
In the examples the next numerical data are used: a = 0.025 m, c = 0.035 m, b = 0.055 m, t = 0.002 m, E 1 = 2×10 11 Pa, E 2 = 8×10 10 Pa, ρ 1 = 7000 kg m 3 , ρ 2 = 4000 kg m 3 , ω = 10 4 1 s . The end cross sections of the two-layer composite curved beam given by φ 1 and φ 2 .
Rotating half circular two-layer beam with fixed ends
The curved beam with fixed ends is shown in Figure 4 . In this case φ 1 = 0 and φ 2 = π as it can be seen in Figure 4 . 
Rotating half circular beam with radially guided ends
The curved beam considered in Example 5.2 is shown in Figure 13 . 
Rotating of two-layer composite closed ring
The considered ring is illustrated in Figure 22 . In this exam- 
Rotating two-layer composite split ring
In this example φ 1 = − π 2 , φ 2 = 3π 2 as shown in Figure 31 . The displacement functions U = U(φ), V = V(φ) and cross- 
Supplementary comment: Multilayered curved beam
Although the paper gives the detailed derivation of governing equations for two-layer composite beam the results of Sections 3-5 can be extended for multilayered curved composite beam (Figure 40 ). All equations of Sections 2-5 can be used if we redefine the cross sectional properties according to the next equations 
Introducing this cross-sectional properties into the formula (40) and (42) we can directly obtain the crosssectional rotation and the radial displacement fields for multilayered beam. It is evident that the formula of normal stress σφ = σφ(r, φ) can be represented as is the Heaviside function.
Conclusions
Paper gives an analytical solution to obtain the deformation a rotating curved two-layer circular composite beam. The formulation and solution of the considered equilibrium problem of rotating curved beam is based on the Euler-Bernoulli beam theory. The rotary inertia is included in the system of centrifugal forces. The numerical examples of this paper can be used as benchmark solutions to check the validity of solutions obtained by other methods such as finite element method, finite difference method, etc.
